Abstract. Let G be an «-dimensional subspace of C [a,b]. It is shown that there exists a continuous selection for the metric projection if for each / in C [a,b] there exists exactly one alternation element gf, i.e., a best approximation for/such that for some a < x0 < ••• < x" < b,
If G is a nonempty subset of a normed linear space E then for each / in E, we define PG(f): = {g0 G G: \\f -g0\\ = inf{\\f-g\\: g E G}). PG defines a set-valued mapping of E into 2G which in the literature is called the metric projection onto G. A continuous mapping 5 of E into G is called a continuous selection for the metric projection PG (or, more briefly, continuous selection) if s(f) is in PG(f) for each / in E. In this paper we treat the problem of the existence of continuous selections for «-dimensional subspaces G of C [a,b] , with C[a,b] as usual the Banach space of real-valued continuous functions on [a,b] under the uniform norm.
A. Lazar, P. Morris and D. Wulbert [4] have characterized the 1-dimensional subspaces of C(X) with X compact Hausdorff, which admit a continuous selection. They raised the problem of characterizing the corresponding «-dimensional subspaces. The only known result for higher dimensional subspaces has been given by A. Brown [1] , who has shown the existence of continuous selections for certain 5-dimensional subspaces of C [-l,l] .
To obtain continuous selections, Lazar, Morris and Wulbert [4] and Brown [1] proceeded as follows: For each/in C[a,b] they considered all g in PG(f) which can be written as g = axgx + • • • + a"gn, where g,,..., g" is a basis of G, and chose the unique element g in PG(f) with maximal coefficient an. This works in the cases n = 1 and n = 5.
Using this kind of selection it does not seem possible to get a general theorem for «-dimensional subspaces in C [a,b] . With new methods, however, and in the setting of weak Chebyshev subspaces we can give a sufficient condition for the existence of continuous selections.
R Using this result and Proposition 2, we immediately get an existence theorem for continuous selections for «-dimensional subspaces (Corollary 9). Brown [1] uses essentially stronger conditions to guarantee the existence of continuous selections for 5-dimensional subspaces of C[-1,1]. Brown's result disproves a claim of Lazar, Morris and Wulbert [4] , who tried to show that for «-dimensional subspaces G in C(X) (X a connected, compact, Hausdorff space) such that 1 is in G and each g in G, g ¥= 0, does not vanish on an open set in X, there does not exist a nontrivial continuous selection.
Finally, Let us remark that from P. Schwartz [8] it follows that under the assumption of Corollary 9 the continuous selection is unique.
In First, we want to show that when each/has a unique A -element then we can always define a continuous selection. We will show that g is an A -element of / and this will contradict the uniqueness of the A -element. By definition, s(fm) is an /I-element of fm, m E N. Therefore, there are extreme points a < 4"° < x[m) < • * • < xj¡m) < b offm -s(fm).
We can assume that
Here it may be necessary to choose a subsequence of (fm) and perhaps work with -/and -fm in place of/and/m. We can also assume (again choosing a subsequence if necessary) that limm_>00;c/m) = x¡ exists, i = 0,1,..., n. Now, since limm_>00/m = /and lim^^/J = g, we have
where in the second equality we used (1) and the uniform convergence. This shows that g is an A -element, which is the desired contradiction. A zero *0 of/in C[a,b] is said to be a double zero if/does not change sign at x0 and *0 =?= a, x0 i= b.
In the following, we count simple zeroes as one zero and double zeroes as two zeroes. To prove the following results we need the lemma below. We define g: = Mg/(2||g||).
The function g has at least two further distinct zeroes in [a, b] , otherwise the function g -g would have at least « changes of sign. This would be a contradiction.
(b) s + n -1 is an odd number. We choose x0 = a and n -s -2 points
Since G has an (« -l)-dimensional weak Chebyshev subspace (see By Lemma 6, g2 -gx has at least n + 3 zeroes. Applying Lemma 7 we get a contradiction of the hypothesis that elements of G have at most « distinct zeroes. A similar argument works for x¡+2 < y¡. Now we prove by induction that g, -g2 has at least « + 1 distinct zeroes. This is a contradiction of the hypothesis on G. If x¡ = y¡, i = 0,..., n, then (8i -82)(x¡) -0, i = 0,..., n. We may assume x¡ < y¡ for some / = {0,..., «}.
We show: x < y,,j = 0,..., «. Because of (i) in both cases g, -g2 has at least « + 2 zeroes by Lemma 6. Applying Lemma 7 we get a contradiction of the hypothesis on G. Now we show by induction that gx -g2 has at least « + 1 distinct zeroes in [xo,y"]:n = 1.
If x0 < y0 < xx < yx (respectively x0 < y0 = x, < yx or x0 < xx < y0 < yx), then gx -g2 has one zero in each interval Let the statement be true for n -1. If y"_! < x" < y", then by assumption g, -g2 has « distinct zeroes in lxo<yn-i\ and a further zero in [x",yn].
If yn-1 = xn < y", then by assumption g, -g2 has n distinct zeroes in [x0, y"_,) and a further zero in (x", yj.
Finally we consider the case x" < yn_ x < y": Since (-l)"(g2 -gx)(x") > 0, (-l)"(g2 -g,)(yn_,) > 0, and y"_2 < x" we conclude as in the casey"_, < x" < yn.
Second case.
(-!)'(/-*,)(*,)= ||/-g,||, / = 0,...,«,
-(-!)'(/-82)(yd =||/-&H. ' = o,...,«.
We treat only the case that/ -g, and (iii) / -g2 have exactly « + 1 alternating extreme points.
Otherwise we can apply the first case. It is now enough to treat the case (v) x,-, < y, < xi+x, i = 0,...,n, where the points x_, and x"+1 are omitted. Otherwise we can conclude as in the first case. Applying the first case to the points x0,..., xrt_" yx,.. . ,y" because of (v) g, -g2 has « distinct zeroes zx,. .. ,zn in [x0, y"]. We first prove: zx,... ,znE (a, b). If z, = x0, then y0 < x0. Otherwise / -g2 has « + 2 alternating extreme points x0, y& ... ,yn. This is a contradiction to (iii). Therefore z, > a.
If zn = y", then x" > y". Otherwise / -g, has « + 2 alternating extreme points x0,. .., xn,yn. This is a contradiction to (iii). Therefore z" < b.
If g, -g2 has n + 1 distinct zeroes, then we would get a contradiction of the hypothesis on G.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore we know g, -g2 has no further zero in [a, b] . Because of a < zx < ■ • ■ < z" < b and G weak Chebyshev g, -g2 has at most n -1 changes of sign under the points z¡. We show g, -g2 has at most « -2 changes of sign:
If g, -g2 has n -1 changes of sign under the points z¡, then there exists exactly one zero Zj E (a, b) such that g, -g2 does not change sign at Zj.
Then it holds: If zx > x0, then because of (iv) (-l)°(g2 -gx)(x) > 0 if a < x < zx and finally (-l)n(g2-gx)(x)<0 ifz"<x<b.
If z, = x0, then^o < x0 and (vi) is also valid. Now we get a contradiction to (iv):
(1) xn > yn.
Then zn < x" and because of (iv) (-l)"(g2 -gx)(x") > 0. This is a contradiction.
(2) xn < y".
If zn < yn we also get a contradiction because of (iv). But if zn = yn, then x" > yn is always valid because of (iii).
We have shown: If gi _ 82 nas exactly « distinct zeroes, then gx -g2 has at most « -2 changes of sign. But in this case there exist « + 2 zeroes of gx -g2 because of a < zx,z" < b.
Applying Lemma 7 we get a contradiction to the assumption. Schwartz [8] has shown that for an «-dimensional subspace G of C(X) with the property that no g in G, g =£ 0, vanishes identically on an open subset of X, the set of functions in C(X) having unique best approximation in G is dense in C(X). Therefore there exists at most one continuous selection. By this result, Proposition 2 and Theorem 8 the next corollary follows immediately.
Corollary.
If G is an n-dimensional weak Chebyshev subspace such that each g in G, g ¥= 0, has at most « distinct zeroes, then there exists a unique continuous selection s:
Now we will give some nontrivial examples of subspaces G in C [a, b] fulfilling the assumption of Corollary 9. Finally we ask how strong the assumption of Theorem 7 is for the uniqueness of A -elements and we show that this is the weakest condition because the converse of Theorem 7 is true. Proof. Assumption. There exists a g0 in G, g0 ^ 0, with at least « + 1 distinct zeroes.
We define: g0: = g0/||g0||.Then ||g0|| = 1. Since G is weak Chebyshev, g0 has at most « -1 changes of sign. Therefore « + 1 distinct zeroes x0,..., x" of g0 exist such that £,g0(x) > 0, x G [x" xi+x], i = -1, 0, ...,«,£,. = ± 1, x_,: = a, x" + x: = b.
We construct a function/in C[a, b], having two A -elements in PG(f). We define/in the following way:
||/ll=l. We show:
In the first case:
In the second case: Hence g has at least « changes of sign in [a, b] . This is a contradiction to the assumption that G is weak Chebyshev. Therefore 0 and g0 are two A -elements off in PG(f). 13. Theorem. If G is an n-dimensional subspace of C(X) {X compact) and k an integer with 0 < k < n -1. Then G is a k-Chebyshev subspace if and only if there do not exist n -k distinct points xx,..., xn_k in X and k + 1 linearly independent functions g0, gx,... ,gk in G, such that gi(Xj) = 0, j = 1,...,«-k, i = 0,1,..., k.
Using the methods in the proof of Lemma 7 and Theorem 13 we can show in a straightforward manner that the following Proposition holds:
14. Proposition. // G is an n-dimensional, weak Chebyshev subspace which is (n -lyChebyshev and if each g in G, g ¥= 0, has only finitely many zeroes, then each g in G, g ¥= 0, has at most n distinct zeroes.
